In the paper, by a general and fundamental, but non-extensively known, formula for derivatives of a ratio of two differential functions and by a recursive relation of the Hessenberg determinant, the author finds a new determinantal expression and a new recursive relation of the Delannoy numbers. Consequently, the author derives a recursive relation such that one can compute central Delannoy numbers in terms of related Delannoy numbers.
Motivations
The Delannoy numbers, denoted by D(p, q) for p, q ≥ 0, are a sequence of positive integers which are related to lattice paths enumeration in combinatorics. For more information on their history and status in combinatorics, please refer to [2] and closely related references therein.
In [2, Section 2] and [32] , the explicit formulas Table 1 . It is well known [32] that the Delannoy numbers D(p, q) 
can be generated by
When taking n = p = q, the numbers D(n) = D(n, n) are known [32] as central Delannoy numbers which have the generating function
(1.
2)
The first nine central Delannoy numbers D(n) for 0 ≤ n ≤ 8 are listed as blacked numbers in Table 1 . We find on the MathSciNet that the phrase "Delannoy number" appeared in the titles of the references [1, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 23, 25, 26, 27, 28, 29, 30, 31, 32] . The Delannoy numbers D(p, q) have some connections with the Schröder numbers. For details on the Schröder numbers, please refer to [18, 19, 20, 21, 22] and closely related references.
In [24, Theorems 1.1 and 1.3], considering the generating function (1.2), among other things, the authors expressed central Delannoy numbers D(n) by an integral
and by a determinant
a n−2 a n−3 a n−4 · · · a 1 1 0 a n−1 a n−2 a n−3 · · · a 2 a 1 1 a n a n−1 a n−2 · · · a 3 a 2 a 1
Starting out from the integral representation 1.3, some new analytic properties, including some product inequalities and determinantal inequalities, of the Delannoy numbers D(p, q) were deriveed in [24] . In this paper, by virtue of a general and fundamental, but non-extensively known, formula for derivatives of a ratio of two differential functions in [3, p. 40 ] and by virtue of a recursive relation of the Hessenberg determinantin [4, p. 222 , Theorem], we will find a new determinantal expression and a new recursive relation of the Delannoy numbers D(p, q). Consequently, we derive a recursive relation such that one can compute central Delannoy numbers D(n) in terms of related Delannoy numbers D(p, q).
A determinantal expression of the Delannoy numbers
In this section, by virtue of a general and fundamental, but non-extensively known, formula for derivatives of a ratio of two differential functions in [3, p. 40], we find a new determinantal expression and a new recursive relation of the Delannoy numbers D(p, q).
Theorem 2.1. For p, q ≥ 0, the Delannoy numbers D(p, q) can be determiantally expressed by
, the notation T denotes the transpose of a matrix, and
is the n-th falling factorial of any number z ∈ C. Consequently, central Delannoy numbers D(n) for n ≥ 0 can be determinantally expressed as
Proof. We recall a general and fundamental but non-extensively known formula for derivatives of a ratio of two differential functions. Let u(t) and v(t) = 0 be two n-th differentiable functions for n ∈ N. Exercise 5) in [3, p. 40 ] reads that the n-th derivative of the ratio u(t) v(t) can be computed by
4)
where U (n+1)×1 (t) is an (n+1)×1 matrix whose elements satisfy u k,
Making use of the formula (2.4) gives
and ∂ p+q ∂y q ∂x p
.
The determinantal representation (2.1) is thus proved. From (2.1), we readily see that, when n = p = q, the central Delannoy numbers D(n) for n ≥ 0 can be expressed as (2.3) . The proof of Theorem 2.1 is complete.
Remark 2.1. Since D(p, q) = D(q, p), from (2.1) in Theorem 2.1, it follows that
For example, when p = 8 and q = 3, we have
This means that, when computing D(p, q), if p ≥ q, it is sufficient to compute the determinant 
A recursive relation of the Delannoy numbers
In this section, by virtue of a recursive relation of the Hessenberg determinant in [4, p. 222 , Theorem], we will find a new recursive relation of the Delannoy numbers D(p, q). e n−2,1 e n−2,2 e n−2,3 . . . e n−2,n−1 0 e n−1,1 e n−1,2 e n−1,3 . . . e n−1,n−1 e n−1,n e n,1 e n,2 e n,3 . . . e n,n−1 e n,n for n ∈ N. In [4, p. 222, Theorem] , it was proved that the sequence Q n for n ≥ 0 satisfies Q 1 = e 1,1 and Q n = n r=1 (−1) n−r e n,r n−1 j=r e j,j+1 Q r−1 (3.3) for n ≥ 2, where the empty product is understood to be 1. Replacing the determinant Q r by (−1) r−1 (r − 1)!D(p, r − 1) in (2.1) for 1 ≤ r ≤ n in the recursive relation (3.3) gives
which is equivalent to the recursive relation (3.1). When n = p = q in (3.1), we can immediately see that central Delannoy numbers D(n) satisfy the recursive relation (3.2) . The proof of Theorem 3.1 is complete. 2) can also be written as
and so on. Consequently, making use of the symmetry relation D(p, q) = D(q, p), we can reformulate the recursive relation (3.2) as
. . .
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